We consider fluxes through planes in the background of codimension four non-BPS soliton solution in non-commutative gauge theory and encounter a paradox. Although this flux is almost always zero, the value of the flux varies with respect to changing the position of the plane. This suggests that the conservation of fluxes is a subtle notion in non-commutative gauge theories. We propose a slight modification to the definition of flux, and show that it evaluates to the correct values in several known examples of the non-commutative soliton solutions.
Introduction
Non-commutative gauge theories are quantum field theories formulated explicitly in terms of an action. The study of various dynamical features of these theories have received much attention in light of the realization that the non-commutative U(N) Yang-Mills with N = 4 supersymmetry arises as a decoupling limit of D-branes in type II string theories [1, 2] . Since non-commutative gauge theories are intrinsically non-local, they are likely to exhibit new features previously unencountered in ordinary field theories. The main advantage of non-commutative gauge theories is the fact that the action is known explicitly. One can therefore analyze the theory in far more detail than other theories, such as the little string theory, whose dynamics is only understood implicitly.
One feature of a field theory that can be studied reliably given an explicit form of the action is the solutions to the classical equation of motion. Instantons, monopoles, flux tubes, flat connections, and other related field configurations generalizing the familiar notions in ordinary gauge theories have been discussed by many authors. Recently, a new class of soliton solutions, which have no counterparts in the commutative theory, were constructed in [3, 4, 5, 6, 7] . These solitons have masses (or tensions) which scale inversely with respect to the non-commutativity parameter θ. Therefore, they become infinitely massive and decouple in the commutative limit θ → 0. They are non-BPS objects, and contain unstable modes in their fluctuations. Nonetheless, these objects carry specific amounts of flux and are understood to be characterized by their topological quantum numbers. The aim of this note is to study these quantum numbers in concrete examples and to point out a subtlety.
The action for the non-commutative gauge theories can be written either using the * -product formalism or using the operator formalism. The former is more suited for emphasizing the similarity between the ordinary and the non-commutative theory, and in setting up the perturbative diagrammatic expansion. The latter is more suited for analyzing the solutions to the classical equation of motion. We will therefore work with the operator formalism in this note. It should be emphasized, however, that the * -product formalism and the operator formalism are completely equivalent, and that any results obtained using one formalism can be reexpressed in terms of the other.
Non-commutative Solitons
In this section, we will review the soliton solutions constructed in [3, 4, 5, 6, 7] . The unstable solitons in non-commutative gauge theories naturally have even codimensions. We will therefore consider a theory with 2n space and one time dimensions. We will also take θ ij to have the maximal rank 2n. Finally, we will work in the temporal gauge A 0 = 0. In this gauge, the action for the pure U(N) Yang-Mills theory takes the form
Here,
is an element of U(N) ⊗ A n where A is the algebra of the non-commutative plane. A generic element of A can be represented as |i j| ∈ A ,
where i and j runs from zero to infinity. We will use tr(·) to denote the trace over the U(N), and Tr(·) to denote the trace over A n . x i 's are specific elements of A n satisfying the commutation relation
Let us consider the 4+1 dimensional case (n = 2) with non-vanishing θ 12 and θ 34 as a concrete example. Then x i ∈ A ⊗ A is represented by
where P and Q are elements of A satisfying the relation [P, Q] = iI. The equation of motion and the Gauss-law constraint derived from this action is given by
For the time independent field configurations, the equation of motion and the Gauss law constraint simplifies to
This is the equation that we will be studying in the remainder of this note.
Let us now consider solutions to the equation of motion (7). We will focus on the simplest case of non-commutative U(1) theory in 4+1 dimensions. Perhaps the simplest solution one could consider is to set A i = 0, or
It is straight forward to verify that this is a solution to (7) .
Consider a slightly more complicated field configuration
where S is a shift operator in A represented as
It is completely straight forward to verify that (9) is also a solution to the equation of motion (7) . Here is where we see the main advantage of the operator formulation of non-commutative gauge theories. This is the natural formalism for defining the shift operator S, and the fact that the new field configuration satisfies the equation of motion can be verified using simple algebraic methods.
One can readily compute the field strengths
The only non-vanishing component of the field strength 1 turns out to be
where P 0 is the projection operator |0 0| in A. It is therefore natural to interpret this solution as describing a codimension 2 soliton, localized in the 12 plane and extended in the 34 plane. It is characterized by a non-vanishing flux
where Tr 12 indicates a trace over only the first factor of A ⊗ A.
One can also consider codimension 4 solitons. The idea is to simply consider a shift operator T acting on A ⊗ A. There are more than one way to realize such an operator, but presumably they are all related to one another under non-commutative gauge transformations. The only property of T that we will need is the fact that
where Π 0 is a projection operator of rank 1 on A ⊗ A, i.e.
Let us now consider a field configuration
Just as before, it is straight forward to verify that (16) satisfies the equation of motion (7).
Computing the field strengths, one finds that the non-vanishing components are
Therefore, we learn that
indicating that the field configuration (16) describes a soliton with non-vanishing second Chern number, or equivalently, a soliton of codimension 4.
Let us now examine the total flux, or the first Chern number, of the field configuration (16). If (16) corresponds to a pure codimension 4 soliton solution, then the total flux must vanish. If on the other hand the configuration (16) corresponds to a bound state of codimension 2 and codimension 4 solitons, then the total flux will be non-vanishing. In either case, however, the total flux should be invariant with respect to the change in the position of the plane on which the flux number is computed.
At this point, we encounter a small paradox. The non-vanishing components of the field strengths were given in (17). Let us focus on F 12 for the sake of concreteness. This is almost entirely zero, suggesting that (16) indeed corresponds to a purely codimension 4 soliton configuration. However, it is not quite completely zero. One might be led to conclude that some codimension 2 solitons are contained in (16), but this would have suggested the field strength to take the form
The field strength (17) is not of this form either. The field configuration (16) appears closer to being a pure codimension 4 soliton except for the single non-vanishing component in F 12 .
The main goal of this note is to address this small non-vanishing piece of F 12 .
One way to describe the spatial features of non-commutative gauge field strength is to consider the gauge invariant operator in momentum space constructed by combining the field strength operator 
There have been several proposals recently [9, 10, 11] suggesting that these operators couple naturally to the RR current via the Seiberg-Witten map. Since the even codimension solitons correspond naturally to even codimension D-branes under the Seiberg-Witten map, it is natural to expect that the RR charges in the string theory description would correspond naturally and solve the problem of computing the conserved Chern numbers of the noncommutative soliton solutions. Unfortunately, things do not work out so simply.
It should be clear from the beginning that [9, 10, 11] will not solve the problem of charges of (16) because the RR-charge derived from the RR-current is simply the zero momentum component of the RR-current, and for zero momentum, the gauge invariantF 12 
Fourier transforming this expression to position space gives
which is zero almost everywhere except at the origin. One can rephrase the main aim of this note as addressing the non-vanishing of F 12 at these isolated points.
Non-commutative fluxes and their conservation
The fact that F 12 (x i ) is not completely independent of x 3 and x 4 is an indication that conservation of fluxes in non-commutative spaces is not working in a naive way. 2 Let us therefore examine the issue of flux conservation more closely.
In commutative non-abelian gauge theories, flux conservation is a consequence of Bianchi identity, which states that
Taking the trace of this expression leads to
2 One possibility is that flux is leaking at infinity. This is unlikely since the field strengths represented by the projection operator is strongly localized. 3 Recall that tr denotes the trace over U (N ) indices.
which states that ǫ ijk trF jk is a conserved current.
Now it is clear where the difficulty with flux conservation in the non-commutative theory is coming from. Consider for the moment the U(N) non-commutative theory. The Bianchi identity
is still valid, but tracing over the U(N) indices does help in establishing that trF jk is a conserved current since
The equality fails because we are not entitled to drop [A [i , F jk] ] on the account of tracing over the U(N).
4
In light of the fact that F jk is not a strictly conserved quantity, it is not very surprising that we encountered difficulties in defining Chern numbers in terms of it. This leads us to the following natural question: what is the correct way to compute the Chern numbers?
Recalling that the problem with F jk stemmed from (26), let us consider defining a new quantity F jk according to
This would appear the natural definition of the "would be" conserved current. Some care must be taken, however, in making sure that F jk is completely well defined. For example, by F 12 , one might mean
or
To avoid this type of ambiguity, it is natural to define F 12 according to
This way of treating all transverse directions democratically turns out to be important in considering solitons with higher codimensions.
In addition, we need to specify the meaning of 1/∂ i since generally, antiderivatives are only defined up to an additive constant. We will take 1/∂ i to mean 1/k i in momentum space.
Combining these ideas, we are led to the propose the following formula for computing the first Chern numbers
(31)
(32) We have Fourier transformed to position space along the directions transverse to the homology cycle associated with the Chern number. The resulting expression should be independent of x i . This is the main result of this note. These quantities are immediately generalizable to higher codimension solitons in higher dimensional theories. In the remainder of this note, we will demonstrate that our proposal gives rise to sensible results for the computation of the Chern numbers.
Some examples
In this section, we will compute the Chern numbers for the soliton solutions introduced in section 2 and similar field configurations.
Codimension 4 solitons
Consider the codimension 4 soliton solution of (16). Since
commutator [C 3 , F 12 e ik i θ ij C j ] will vanish. This in turn implies that F 12 is zero. Similar arguments can be used to show that F 34 = 0.
Codimension 2 solitons
Let us now verify that the codimension 2 soliton (9) have non-vanishing first Chern number according to (31) and (32). This time,
Commuting with respect to C i gives rise to an additional factor of k i , but precisely this factor is canceled by the factors of k
Taking the trace, we find
whose Fourier transform is
as expected. On the other hand, the fact that F 34 = 0 implies F 34 = 0.
Infinitely many codimension 4 solitons
The formulas for Chern numbers (31) and (32) can be applied to much more general class of examples. Consider for example a field configuration obtained by conjugating the vacuum with respect to S ⊗ I
It is straightforward to verify once again that this field configuration satisfies the equation of motion (7). The C 1 and C 2 part of the field configuration is identical to (9), but they differ slightly in the C 3 and C 4 components. The non-vanishing components of the field strengths are
This solution was considered also in [12] and was interpreted as infinitely many codimension 4 solitons with no codimension 2 solitons. Using the definition of Chern numbers (31) and (32), we are able to confirm this interpretation. Since 
confirming that (38) is a solution with vanishing first Chern number and an infinite second Chern number. It is interesting to note that a very slight difference in the C 3 and C 4 components of the soliton solution was enough to drastically modify the Chern numbers. In fact, this is an important example which illustrates the point that field strengths do not contain all of the gauge invariant data in non-commutative gauge theories, 5 and that the first Chern number can vanish even when the field strength (39) is uniform and translationally invariant.
Intersecting codimension 2 solitons
This time, take the field configuration
Once again, it is straight forward to verify that (7) is satisfied. Using the formulas (31) and (32), we learn that this solution carries a unit of non-vanishing Chern numbers in the F 12 and the F 34 components. The second Chern number is
suggesting that (41) is a bound state of two codimension 2 solitons and a codimension 4 soliton.
Examples in higher dimensions
The basic idea for computing Chern numbers of soliton solutions can be generalized to higher dimensions. For example, in six dimensions, the first, the second, and the third Chern numbers are defined according to
i, j = 3, 4, 5, 6
F 123456 = θ 12 θ 34 θ 56 TrF 12 F 34 F 56 .
Using these formulas, one can readily compute the Chern numbers of various soliton solutions of various codimensions. The result of this computation is summarized in table 1. Here (123456), (1234) and (12) refers to codimension 6, 4, and 2 solitons localized along the 123456, 1234, and 12 directions, respectively. We find the expected value for the Chern numbers in all cases. 
Conclusions
In this note, we examined the fluxes though a plane in the codimension 4 non-commutative soliton background and found that they are odds with flux conservation. Unlike ordinary gauge theories, Bianchi identity does not imply conservation of fluxes in any natural way. We were therefore led to propose a modified definition of fluxes (31), (32), and (43).
Using the modified notion of fluxes, we evaluated the Chern numbers of various soliton solutions. The fact that these formulas evaluate to the correct values in all of the examples considered above provides a reasonable support to the idea that these are the correct formulas for computing the Chern numbers in non-commutative gauge theories. It should be emphasized, however, that what we have demonstrated does not constitute a rigorous mathematical construction. In light of issues with flux conservation, there are necessarily subtleties in defining Chern numbers in terms of non-commutative field strengths. It would be very interesting to see if our proposal is realized in a more mathematically rigorous treatment. In order to make these ideas more precise, it may be necessary to compactify the space so that it has the topology of S 2 × S 2 or T 4 . In that case, one must first construct the analogues of non-commutative solitons [3, 4, 5, 6, 7] on compact spaces. 6 We leave these questions for future investigations.
